Abstract. It is shown that with a few exceptions (which are listed), any central element in a quasisimple finite group fixes some conjugacy class of the group under multiplication.
(5 < G < Aut(S), where S is identified with Inn(S)), and \G: S\ is a prime power. Then Feit and Seitz's "non-fixed-point" result, along with Brauer's permutation lemma [I, (6.3. 2)], implies that S must be the inertial subgroup in G of some irreducible character of S, and hence yields the following "fixed-point theorem": If G -S (a) , where S is a finite simple group and a an outer automorphism of S, | G: S\ is a prime power, and X is a linear character of G, then x^ = X for some x € Irr (G) .
It seems natural to pose a kind of dual to Feit and Seitz's theorem: If G is a finite quasisimple group (i.e., G is perfect and G/Z(G) is simple), and if z £ Z (G) , is there a conjugacy class C of G with Cz = C1 Any central element of any group G permutes the conjugacy classes of G by multiplication; the question merely asks if fixed-points must occur under this action when G is quasisimple. We show in this paper that the answer is almost always yes, and we delineate the cases where the answer is no. Specifically, we prove the following (the notation for simple groups is essentially as in [G] or [CCNPW] , and all groups considered here are finite):
Theorem 1. Assume that G is a quasisimple group and let z £ Z (G) . Then one of the following holds:
(i) order(z) = 6 and G/Z(G) =*A^,Alt Fi22, PSU(6, 22), or 2E6(22);
(ii) order(z) = 6 or 12 and G/Z(G) £ PSL(3, 4), PSU(4, 32) or M22; (iii) order(z) = 2 or 4, C7/Z(t7) =i PSL(3, 4), and Z(G) is noncyclic; (iv) there exists a conjugacy class C of G such that Cz-C.
Remarks.
( 1 ) The classification of the finite simple groups is essential for the proof of the theorem, as it is for the proof of [FS, Theorem C] . Our proof is given in a sequence of lemmas below. The key point occurs early in the proof of Lemma 4, and exploits the following result from the theory of algebraic groups: the number of semisimple conjugacy classes of the universal Chevalley (or twisted Steinberg) cover of a finite simple group of Lie type is a power of the underlying prime characteristic. This allows the application of an easy counting argument to the action of central elements of (different) prime power order on these classes.
(2) Each case of (i)-(iii) arises in a way such that (iv) fails (except that the author does not know whether (iv) fails when order(z) = 6 in a six-fold or 12-fold cover of 2E(, (22)). Every other such configuration where Z(G) is cyclic may be checked in the Atlas [CCNPW] , by inspecting the "lifting order rows". When G is the universal cover of PSL(3, 4), an argument similar to that of Lemma 6 below (which uses Lemma 1) shows that exactly six of the twelve elements of order 4 in Z((?) fix a conjugacy class of G. If a is one of the other six elements of order 4 in Z (G) , then a(a2), of order 2 in Z(G/(a2)), fixes no conjugacy class of G /(a2).
(3) R. C. Thompson [T] answered the general question of which elements are commutators in the family of quasisimple groups SL(«, K), K any field; so for those groups the conclusion of Theorem 1 was known.
(4) The theorem is applied, along with [FS, Theorem C] , in work of Arad, Erez, Fisman, and the author which examines hypotheses on conjugacy classes or characters of a group which force the group to have a Frobenius-like structure [ABEF] .
Throughout the paper, the statement that a central element z "fixes a conjugacy class" simply means that under the group multiplication, Cz = C for some conjugacy class C. The Schur multiplier of a group S is denoted by M(S). The Schur multipliers of the finite simple groups are all known, and may be found in [G, p. 302] or [CCNPW] . Lemma 1. Let G be a finite group and z £ Z (G) . Then Cz = C for some conjugacy class C of G if and only if £z€lrr((;) X(z)/x(l) ï 0.
Proof. By [I, p. 45] , z is a commutator x~xy~xxy for some x, y £ G if and
But z = x~xy~xxy »xz = y~xxy & Cz = C, where C is the conjugacy class of x.
Remark. The criterion [I, p. 45 ] may be very useful in determining which elements of groups are commutators. In this paper, however, the special case of Lemma 1 is applied only to covers of PSU(4, 32) in Lemma 6, and of PSL(3, 4) in the remark above.
Lemma 2. Suppose that G is a group with Z(G) = L x K, where (\L\, |Ä"|) = 1. Assume that z £ L and that zK fixes a conjugacy class of G/K. Then z fixes a conjugacy class of G. Proof. The hypotheses imply that there is a conjugacy class C of G such that CzK = CK. Hence, Czk = C for some k £ K. Since (|L|, \K\) = 1, there exists an integer « > 0 with « = 1 (mod|L|) and « = 0(mod|iCÏ). Therefore, C = Cizk)n = Cz .
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Lemma 3. If G is quasisimple, G/Z(G) = An for some « > 7 and z £ Z(G), then there exists a conjugacy class C of G with Cz = C. Proof. It suffices to assume that G is the universal covering group of A" [G, 4.227, 4.228] . One of the representation groups for Sn , which we denote as S" , is given by generators -1, ox, a2,..., on-X and relations (-1)2=1;
(-l)<7y = <x,'(-l); a) = -l;
(OjOk)2^-l if|;-fc|>2; (c7jC7j+x)3 = -l;
where in the natural projection of Sn onto S", -1 h-> 1 and a¡ >->■ (j j + 1 ), the adjacent transposition. Now G is the preimage of An in Sn ( [SI] or [S2] ). Thus z := -1 is the only nontrivial element of Z (G) . One easily checks that 0X03(-1) = 030X=(CTX03)°X°>.
Hence, Cz -C where C is the class of axo3 in G. Proof. The hypothesis implies that the universal covering group U of 5 is precisely the universal Chevalley or twisted Steinberg cover of S [G, 4.228, 4.234] . It suffices to assume G = U. Now G is the set of fixed points^ under a suitable Frobenius endomorphism, of a simply connected algebraic group [SS, §2] . Hence, the cardinality of S := the set of semisimple (p'~) conjugacy classes of G is pa for some a > 0, by Corollary 3.11 of Springer and Steinberg [SS] . Suppose that order(z) is a positive power of some prime s (so s / p). Now (z) acts on S by multiplication. It follows that if Cz ^ C for all C £ S then s | |S|, a contradiction. Thus, Cz -C for some C £ S. Now M (S) is either a 2-group or a 3-group unless S = PSL(«, pm) or PSU(«, p2m) for some « , m > 0 ( [G, p. 302] or [CCNPW, p. xvi] ), so the result is proved except in those cases.
Let iS,e) denote either (PSL(«, pm), I) or (PSU(«, p2m), -1). Then G =■ SLin,pm) or SU(«,p2m) and Z(G) S Zd, cyclic of order d = in,pm -e). Now z £ Z(t7) implies that z = XIH, where X £ GFipm) or GFip2m) and Xd = 1. So order(A) = r, where r\d.
Suppose first that either r is odd or n/r is even. Let g be the diagonal matrix which consists of n/r diagonal blocks of the form diag(A, X2, ... ,Xr~x ,Xr). The parity assumptions imply that det g -1, and hence g £ G. Let « be the « x n block diagonal matrix where each block is an r x r permutation matrix which is a cycle of length r. Then det « = 1, h £ G, and gz = gh . Hence, Cz = C, where C is the G-conjugacy class of g.
So we may assume that r is even and n/r is odd. Let y be a square root of X in a suitable extension field of GF(pm) or GF(p2m). Let M be the r x r companion matrix of the polynomial XT + 1 = ni^K^ ~ ^') • S° detM = 1 and the set of eigenvalues of M is {yA'|0 < / < r -1} . Thus (XIr) • M and M have the same set of eigenvalues, and hence the same characteristic polynomial Xr+l. So the semisimple elements M and (XIr)-M are conjugate in SL (r,pm) (if e = 1) or SU(r,p2m) (if e = -1) [SS, (3.15) ]. Now if g is the « x « block diagonal matrix where each block is M, then g and zg are conjugate in G. Hence in this case as well, Cz = C where C is the C7-conjugacy class of g. The lemma is proved.
Lemma 5. Suppose that G is quasisimple and Z(G) = LxZ2xZ2, where L = 1 or Z3. Assume also that there is an automorphism of G which transitively permutes the three involutions in Z (G) . Let z e Z(G) with order(z) = 2 or 3, and suppose that if G is any quasisimple homomorphic image of G such that \Z(G)\ = 2 or 3, then z (the image of z in G) fixes a conjugacy class of G. Then z fixes a conjugacy class of G. There exists an automorphism t of G of order 4, which has two orbits of length 4 on K -1, and such that x2 acts as inversion on K [CCNPW, pp. 52, 53] . Soif zëi, z / 1, and if u = zx, then K = (z) x (u). Thus K/(z), K/(u) are groups denoted by 3,, 3; in the Atlas [CCNPW, p. 53] , and {K/(zu), K/(z~xu)} -{3j, 3'j}, where {/', j] = {1, 2} . We may assume that K/(z) is 3i or 32.
Each x 6 Itt(G/L) has kernel (the image of) exactly one of G, K, (z), (u), (zu), or (z~lu), since Z(G/kerx) must be cyclic [I, (2.27) ]. Exactly 20 characters x € \tt(G/L) have kernel G or K, and those / with kernel ^ K occur in complex conjugate pairs [CCNPW, p. 54] .
Suppose that K/(z) = 3X. Then 16 conjugate pairs of irreducible characters of G/L have kernel (z), 16 pairs have kernel (u), 13 pairs have kernel (zu), and 13 have kernel (z~xu) [CCNPW, pp. 54, 56, 58] . Let co be a primitive (2), and 1 ^ z e Z(U) = Z2x Z2, then in any quasisimple homomorphic image of U with cyclic center, the image of z fixes a conjugacy class [CCNPW, pp. 28, 86] . Hence, the same is true for z, by Lemma 5. Thus, conclusion (iv) holds if S = Sz(8) or Ojj"(2). If S 9á PSU(6, 22) or 2£6(22), then M(S) ^Z3xZ2xZ2. Supposejhat U is the universal cover of S, z £ Z(U) with order(z) = 2 or 3, and U is a homomorphic image of U with |Z(U)| -2 or 3. Then the Atlas [CCNPW, pp. 116, 118, 196] shows that z fixes a conjugacy class of U, exceptjhat the case S = 2E(,i22) and |Z(U)| = 3 does not appear. But in this case, U is the twisted Steinberg cover of S (arising from a simply connected algebraic group). So the first part of the argument of Lemma 4 shows that here as well, z fixes a conjugacy class of U. Then Lemma 5 implies that conclusion (iv) holds for z and U. So either (i) or (iv) is true when 5 £ PSU(6, 22) or 2£6(22).
If S =* PSU(4, 32), then M(S) * Z4 x Z3 x Z3. So either (ii) or (iv) holds, by Lemma 6. If S S PSL(3, 4), then Af(5) =iZ3xZ4xZ4. So if order(z) ^ 3 then (ii), (iii), or (iv) holds (again, the Atlas contains those cases where Z(C7) is cyclic). If order(z) = 3, then Z(G) = (z) x K, where K isa 2-group. Lemma 2 implies that z fixes a conjugacy class of G. The theorem is proved.
